Abstract: Within the Standard Model with non-linearly realised electroweak symmetry, the LHC Higgs boson may reside in a singlet representation of the gauge group. Several new interactions are then allowed, including anomalous Higgs self-couplings, which may drive the electroweak phase transition to be strongly first-order. In this paper we investigate the cosmological electroweak phase transition in a simplified model with an anomalous Higgs cubic self-coupling. We look at the feasibility of detecting gravitational waves produced during such a transition in the early universe by future space-based experiments. We find that for the range of relatively large cubic couplings, 111 GeV |κ| 118 GeV, ∼mHz frequency gravitational waves can be observed by eLISA, while BBO will potentially be able to detect waves in a wider frequency range, 0.1 − 10 mHz.
Introduction
After the discovery of the LHC Higgs boson, precise determination of its couplings has become imperative. Without this knowledge the nature of electroweak symmetry remains undetermined. Namely, with the current Higgs data at hand the Standard Model (SM) with a non-linearly realised SU (2) L × U (1) Y gauge symmetry is still a viable option [1, 2] . In the most economic case, the Higgs boson can be considered as an electroweak singlet particle, which admits several additional interactions beyond the conventional SM [2] . These new interactions, besides having interesting manifestations at the LHC and future colliders, could have played an important role in the early universe by driving a strongly first-order electroweak phase transition. Electroweak baryogenesis in this framework has been studied in Ref. [3] . This paper is devoted to investigating the production of gravitational waves during the cosmological electroweak phase transition and the feasibility of their detection in upcoming experiments.
Nonlinearly realised electroweak gauge theory becomes strongly interacting at high energies, the famous example being W W → W W scattering in the Higgsless Standard Model. It is expected that at high energies new resonances show up, which unitarise rapid, power-law growth of scattering amplitudes with energy in perturbation theory. However, the scale where new physics is expected to emerge crucially depends on Higgs couplings and could be as high as few tens of TeV [2, 3] . New physics at such high energies may escape the detection at LHC. Therefore, alongside with the precision measurements of Higgs couplings, complimentary information stemming from astrophysical observations of gravitational waves may provide an important hint for the nature of the electroweak symmetry and the cosmological phase transition.
With this motivation, we consider a simplified model with only one additional anomalous cubic Higgs coupling κ, which is the most relevant coupling for the electroweak phase transition and also one of the most difficult to be measured at the LHC. Beyond this and simplicity considerations, we have no fundamental reason to stick with this minimalistic scenario. In fact, the model can be extended in various ways, without significantly affecting our results. Note that, production of gravitational waves from a first order phase transition in effective theories of the SM with higher dimensional operators have been previously discussed in [4] [5] [6] .
The paper is organised as follows. In the following section (Sec. 2) we give a brief account of the non-linear SM; The next section (Sec. 3) is devoted to discussion of the electroweak phase transition. In Sec. 4, we compute the amplitude of gravitational waves produced during the strongly first order phase transition and identify the range of κ for which they can potentially detected by eLISA and BBO. The conclusions are presented in Sec. 5 and some technical details are given in the Appendices.
Non-linear Realisation of the Electroweak Gauge Group
Within the conventional SM, the linearly realised SU (2) L × U (1) Y electroweak gauge symmetry is a hidden gauge symmetry with a stability being the group of QED, U (1) Q . Specifically, the theory in the 'broken phase' is invariant under U (1) Q gauge transformations. Therefore, to make the SU (2) L ×U (1) Y symmetry manifest, it is sufficient to gauge only the coset group SU (2) L × U (1) Y /U (1) Q , which can be parameterised in terms of a non-linear field:
where T i = σ i − δ i3 I are the three broken generators with σ i being the Pauli matrices. The π i (x) fields are the three would-be Goldstone bosons spanning the
the Higgs field h is no longer obliged to form the electroweak doublet irreducible representation. In the minimal scenario the Higgs boson resides in the SU (2) L × U (1) Y singlet field, ρ(x). The standard Higgs doublet then can be identified with the following composite field 1 :
While maintaining SU (2) L × U (1) Y invariance, the non-linear realisation of the electroweak gauge symmetry allows a number of new interactions beyond those present in the SM, including anomalous Higgs-vector boson couplings, flavour and CP-violating Higgsfermion couplings and anomalous Higgs interactions. A generic model is rather complicated and also severely constrained by the electroweak precision measurements, flavour physics and Higgs data. In this paper we only consider modification of the SM Higgs potential by adding an anomalous cubic coupling:
We assume that the scalar potential has a global minimum for a non-zero vacuum expectation value of the Higgs field ρ (cf. the next section):
The absolute value of the vacuum expectation value in (2.4) is fixed to the standard value since the Higgs interactions with the electroweak gauge bosons are assumed to be the same as in SM, i.e.,
where 6) describes the physical excitation associated with the Higgs particle with the tree-level mass squared:
Using equations (2.4) and (2.7), we find it convenient to rewrite the mass parameter µ 2 and the quartic coupling λ in terms of the (tree level) Higgs mass, m h ≈ 125 GeV, the Higgs vacuum expectation value v and the cubic coupling κ as:
The potential must also be bounded from below, that is λ > 0 and, hence, vκ < m 2 h . The presence of the cubic term in the tree-level Higgs potential (2.3) significantly alters the Higgs vacuum configuration, even without thermal corrections. With this kind of potential one can differentiate the following three cases:
(i) A non-tachyonic mass parameter, i.e., µ 2 < 0 or, equivalently, vκ < −m 2 h . One of the local minima in this case is at a trivial configuration ρ = 0. We find that the electroweak symmetry breaking minimum (2.7) is realised as an absolute minimum of the potential if −3m 2 h < vκ < −m 2 h .
(ii) A tachyonic mass parameter, i.e., µ 2 > 0, which implies vκ > −m 2 h . In this case the trivial configuration is a local maximum and the minimum (2.7) is realised providing −m 2 h < vκ < 0.
In this case there are two trivial solutions for the extremum equation, which represent an inflection point of the potential.
Notice that there exists a symmetry of the above vacuum solutions under κ → −κ and v → −v.
Although the above analysis was done at tree level, we have verified that the oneloop quantum corrections to the tree-level potential does not change the above picture significantly. For our in-depth analysis of this potential we use the one-loop thermally corrected potential which is described in the following section.
Bubble Dynamics in Electroweak Phase Transition

Finite Temperature Potential
In order to calculate the electroweak phase transition dynamics we consider the one-loop finite temperature potential [7] [8] [9] [10] . The potential, as a function of temperature, T , can be split into the following parts:
where V (0) is the classical potential and is given in (2.3), V
CW is the Coleman-Weinberg contribution for T = 0 and is given by:
is the finite temperature contribution and is defined via the thermal function J:
here s i corresponds to the spin and n i to the number of degrees of freedom of the particle species i. V Daisy (ρ, T > 0) are Daisy-corrected terms (see A.1). Although this contribution can be expanded for high temperatures, it has previously been shown in [3] that an anomalous cubic term in the potential may lower the critical temperature down to ∼ 50 GeV, rendering the high temperature expansion invalid for this work. We therefore numerically evaluate the full form of (3.3) in all following calculations. The total potential is shown for a range of κ values and temperatures in Fig 1. There exists IR divergences when the field-dependent Higgs mass as defined via (2.7), (at one-loop) becomes negative. The inclusion of the Daisy-corrections (cf. A.1) shrink the region of instability, however there are regions of ρ at given temperatures where these divergences remain. For this reason, we impose a temperature dependent cut-off as a lower bound in the integral (3.3) which corresponds to the minimum momentum required such that the integral is real for all ρ values. Note also that the ρ mass completely specifies the stability of the vacuum in the SM whereas this is not the case for a non-linearly realised case. 
The potential are shown for temperatures above and below that of T c , as well as T c itself.
Nucleation Temperatures
A salient feature of the effective finite temperature potential (3.1) is that it contains a single minimum at high temperatures at non-zero values of the Higgs field. Hence, the SM field remains massive in the high-temperature limit. We define this temperature-dependent vacuum state as the false vacuum, v (+) T . As the universe cools, this potential develops a secondary minimum, which decreases with temperature. Below the critical temperature, T c , defined as the temperature where the two minima become degenerate, tunnelling from the false vacuum to the secondary minimum (true vacuum v (−) T ) becomes energetically favourable. The cubic addition to this potential makes this phase transition strongly first order and therefore result in electro-weak bubble formation in the early universe. The tunnelling probability of this phase transition per four volume, Γ, is given by:
where we have introduced the three-dimensional Euclidean action S 3 (T ), which is related to that in four dimensions via
To calculate the field profile of a nucleating bubble we must assume an O(3) symmetry in the ρ field. With this assumption, the Euclidean action has the form [11] [12] [13] :
where the potential difference may be defined as the free energy density F(ρ,
T , T . The equation of motion for this action is given by:
The field configuration which corresponds to the field tunneling from the false vacuum to the true vacuum is known as the bounce configuration. The appropriate boundary conditions for this are:
where the latter is also necessary for the finiteness of S 3 (T ). The solutions to (3.6) and (3.7) are found numerically using the shooting method [14, 15] . The field profile obtained can be integrated to give a value for the Euclidean action as prescribed in (3.5). These numerical values have been plotted for various cubic coupling κ are shown in Fig. 2 . Typically the temperature at which an O(3) symmetric bubble can form is lower than the critical temperature. This means that the onset of the phase transition can be significantly delayed. Ultimately, we seek the temperature at which we expect at least one bubble to form in our Hubble horizon. We define this temperature as the nucleation temperature, T n . More explicitly, this temperature corresponds to the time required for the probability of nucleating a bubble in the Hubble horizon to be of order 1 and can be calculated using [16] [17] [18] [19] (see also [20, 21] ):
where we have implicitly used the time-temperature relation dT /dt = −T H by assuming an adiabatic expansion of the universe. It is easy to see from Fig. 2 that the exponent in (3.8) namely S 3 /T , decreases with |κ|. For lower S 3 /T values, the larger the integrand in (3.8) and the closer the nucleation temperature T n becomes to the critical temperature, T c . We find that for |κ| values less than ∼ 1.25m 2 h /|v|, the nucleation and critical temperatures become degenerate. This is traced back to the fact that the barrier between the two minima becomes smaller and the strength of the first order phase transition decreases. We therefore expect the contribution to gravitational waves from these parameters to be small and focus on higher |κ| values. Conversely, for larger |κ| values, around 2m 2 h /|v| the action is large, implying that the tunneling rate is small. For these values we find that a bubble will never nucleate in a Hubble volume and will therefore leave the universe trapped in the high temperature phase. We therefore focus on |κ| values in the interval [1.25, 1.85] × m 2 h /|v|. To illustrate these trends we have tabulated the various important temperatures and minima related to the phase transition for a range of cubic couplings (see Tab. 1). T n is the temperature at which the probability of forming a spherical bubble in a Hubble horizon is of order 1. T * is the temperature at which spherical bubbles can begin to nucleate. T c is the critical temperature, where the two vacua are degenerate. v (±) T are the false and true vacua respectively.
Predictions for Gravitational Waves
During a first-order phase transition in the early universe, gravitational waves are known to be generated from three major production mechanisms. Collisions of bubble walls [22] , sound waves in the plasma which occur after bubble collisions [23] and magnetohydrodynamical turbulence which can also form in the plasma post bubble collision [24, 25] . We will systematically address each of these contributions in this section.
In the following discussion will be expressing the energy density of gravitational wave radiation in terms of the quantity,
where ρ GW is the gravitational wave energy density, f is the frequency and ρ c = 3H 2 0 /(8πG) is the critical energy density today. Here h 0 is the Hubble rates measured in units of 100
The total energy density of produced gravitational waves can be written as a sum of the three main production mechanisms (as they approximately linearly combine [26] ):
These contributions are, in order of their appearance in (4.2), bubble collisions, sound waves and magnetohydrodynamic turbulences 2 . The gravitational wave spectrum corresponding to these contributions are conveniently parameterised in terms of two parameters which therefore also characterises the phase transition.
The first parameter, α, is the ratio of the latent heat released by the phase transition normalised against the radiation density:
For non-run-away bubbles, the energy released grows as the size of ∼ R 3 but the kinetic energy of the bubble wall scales as its surface area ∼ R 2 . In this scenario, a large fraction of the energy goes into the reheating and fluid motion of the plasma, which corresponds to the last two sources in (4.2). However the energy that can be deposited into the fluid saturates at:
2 For discussion of scalar field potential of form (2.3) interacting with relativistic fluid, see [27, 28] .
where c i = 1 (1/2), c i = 1(7/8) for bosons (fermions), and y i are the coupling strengths to the Higgs boson. We note that although the Higgs contributions with an anomalous term will no longer be proportional to v (−) Tn 2 but its inclusion to (4.4) will modify the bound to at most 5%. For α > α ∞ , the bubble wall will accelerate indefinitely (until it reaches v = 1). The fraction of surplus energy which is converted into wall acceleration is given by:
The fraction that goes into bulk motion is then:
For the values of |κ| ∈ [1.25, 1.85] × m 2 h /|v| = [79, 118] GeV considered here, the expansion of the bubble wall always dominates over the friction due to the surrounding plasma, ensuring α > α ∞ . We therefore expect for this range of κ values, the bubble walls will accelerate without bound resulting in what is known as the run-away configurations [6, 29, 30] .
The second parameter characterising the gravitational wave spectrum is β. It is the inverse time of the phase transition and can be defined through:
where the reference time and temperature are usually chosen to that at nucleation, so that T * = T n , t * = t n and H * = H(T n ). In Tab. 2, we show the typical values of α and β for the range of cubic coupling we consider. Similarly to the values found in [6, 31] we see the trends that as the cubic coupling increases, the strength of the first-order phase transition increases, the latent heat (∝ α) increases and the duration of the transition (∝ β −1 ) increases.
The gravitational waves effectively decouple from the universe, meaning the energy density and characteristic frequencies will need to be red-shifted to compare to the values measured today, specifically (cf. e.g. [32] ):
This red-shifting moves the peak frequency of gravitational waves from early phase transitions to the mHz region, requiring space-based detectors to measure. The analytical fits to the gravitational wave energy spectra from the various sources will be summarised in the subsequent section. Table 2 : Summary of gravitational wave parameters for a range of cubic coupling, κ's. α is the latent heat divided by radiation density, β is the inverse tunneling rate and v
Tn /T n is a measure of the strength of the first order phase transition.
Field Profiles
For bubble collisions, due to the Higgs scalar field profile, the gravitational wave spectrum can be approximated by the envelope approximation [22] giving:
where Bulk motion in the fluid after bubble collisions is known to provide acoustic production of gravitational waves. This sound wave contribution to the gravitational wave spectrum is estimated by [23, 33] : 11) where the spectral shape and characteristic frequency are given by:
mHz. These results are fitted from numerical simulation for generic values of v w 0.9. As the plasma in the early universe is fully ionized, magnetohydrodynamical turbulence can give rise to gravitational waves after bubble collisions. The contribution to the gravitational wave spectrum can be approximated by [25] :
where ∼ 5−10% and we take the lower value for more conservative estimate. The spectral shape and characteristic frequency for this contribution are:
mHz.
(4.14)
Differing from the previous two contributions, there is an explicit dependence of the spectral shape on the Hubble rate via h n . This together with the extra β/H factor for turbulence (cf. Eq. 4.13) and sounds wave (cf. Eq. 4.11) reflects that fluid motion is typically a last longer source of gravitational waves than bubble collisions (cf. Eq. 4.9). Now, we move on to discuss the detection of these sources as generated a first order phase transition of a our non-linearly realised EW gauge group.
Detection at Next Generation Space-Based Interferometers
In Fig. 3 , the expected gravitational wave spectra are shown along with the sensitivity curves of future space based interferometers -evolved LISA (eLISA) [34] , Deci-Hertz Interferometer Gravitational-wave Observatory (DECIGO) [35] and Big Bang observer (BBO) [36, 37] . These detectors will be successors of the Laser Interferometer Space Antenna (LISA) project [38] , bridging its frequency reach to those that are ground based. The sensitivity for various configurations of eLISA was adopted from [26] (cf. App. A.2), whereas the DECIGO and BBO sensitivity curves are from [39] .
In these calculations, we have assumed a bubble wall velocity of 0.9c, which is conservative for a run-away wall scenario and applicable to the analytical fit for sound waves, in equation (4.11) . Generically, the increase of |κ| increases the strength of the transition (cf. Sec. 3) and the peak of the energy density spectra increase. This is also associate with a lowering of the characteristic frequencies. Since we are in the run-away regime, it is unsurprising that there the contribution from bubble collisions gives the dominant source of gravitational waves. In agreement with [6, 23, 26, 40] , we find little evidence from magnetohydrodynamic sources, and that taking a less conservative efficiency of ∼ 10% will not change this conclusion. We find that gravitational waves can be observed for a narrow range of cubic coupling values |κ| ∈ [111, 118] GeV. This will be dependent on the type and configuration of the detector built.
Conclusions
In this paper we have studied the electroweak phase transition within the Standard Model with non-linearly realised electroweak gauge symmetry. Namely, we focused on the anomalous Higgs cubic coupling κ, which could drive strongly first order phase transition, if sufficiently large. With increase of |κ|, the nucleation temperature, T n , drops well below W/Z masses, resulting in decreased period of phase transition and in higher velocities of the nucleated bubbles. However for very large |κ| values, the nucleation rate drops substantially and the universe is trapped in the high temperature phase. Thus, strongly first order phase transition is possible only for a limited range of the anomalous cubic coupling |κ| ∈ [79, 118] GeV. We have also found that for |κ| ∈ [111, 118] GeV, gravitational waves in the 0.1 − 10 µHz frequency range can be produced during the electroweak phase transition with a sizeable enough amplitude to be detectable by the planned eLISA. Recent results from LISA Pathfinder mission [41] are encouraging for the feasibility of the eLISA project, which, if implemented, can provide a complimentary information on the nature of electroweak symmetry and the cosmological phase transition. This information will be particularly important since the measurement of the Higgs cubic coupling at high luminosity LHC is feasible only with 30 − 50% accuracy [42] .
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